Introduction {#Sec1}
============

Large sparse systems of linear equations are critical to computational methods in science, technology, and society. A key characteristic of iterative methods for the solution of such systems is that they can be implemented in a matrix-free fashion \[[@CR12]\]. That is, given an *N*-dimensional right-hand side vector $\documentclass[12pt]{minimal}
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                \begin{document}$$J$$\end{document}$ is the Jacobian of some mathematical function given in the form of a computer program. Jacobian-vector products as well as transposed Jacobian-vector products can be efficiently and accurately computed by automatic differentiation (AD) \[[@CR6], [@CR11]\] without explicitly setting up the Jacobian matrix. Thus, the major computational kernels of iterative methods match to the functionality that is provided by AD.

In practice, iterative methods involve preconditioning techniques \[[@CR1], [@CR12]\] that transform ([1](#Equ1){ref-type=""}) into an equivalent system of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$ M \approx J. $$\end{document}$$Preconditioning techniques typically need access to individual nonzero elements of the coefficient matrix \[[@CR1], [@CR12]\]. However, in a matrix-free approach, such accesses to individual Jacobian entries are computationally expensive, not only in automatic differentiation but also in numerical differentiation.

To bridge the gap between preconditioned iterative methods and AD, we propose a novel approach that is based on superimposing two diagonal block schemes. The first scheme consists of nonoverlapping diagonal blocks of size $\documentclass[12pt]{minimal}
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                \begin{document}$$r $$\end{document}$ that represent a sparsification operation. These blocks are used to define the required nonzero elements \[[@CR3]\] of a partial Jacobian computation \[[@CR9]\]. The required nonzeros are then determined by AD employing the solution of a suitably defined graph coloring problem \[[@CR5]\] that colors a subset of the vertices encoding the rules of partial Jacobian computation.

The second scheme consists of nonoverlapping diagonal blocks of size $\documentclass[12pt]{minimal}
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The structure of this article is as follows. In Sect. [2](#Sec2){ref-type="sec"}, the overall approach is sketched that consists of a problem arising from scientific computing. It involves the computation of a subset of the nonzero elements of the Jacobian matrix by AD. This partial Jacobian computation problem is then modeled by a suitably defined graph coloring problem in Sect. [3](#Sec3){ref-type="sec"}. In Sect. [4](#Sec4){ref-type="sec"} implementation details of the approach are given. Numerical experiments are reported in Sect. [5](#Sec5){ref-type="sec"} and concluding remarks are presented in Sect. [6](#Sec6){ref-type="sec"}.

Preconditioning via Two Block Schemes {#Sec2}
=====================================

The novel preconditioning approach is inspired by the semi-matrix free preconditioning technique introduced in \[[@CR3]\]. The approach in \[[@CR3]\] for the solution of ([2](#Equ2){ref-type=""}) is summarized as follows:Carry out Jacobian-vector products $\documentclass[12pt]{minimal}
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The nonzero elements of *J* that are selected by the sparsification $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}$$\end{document}$ denoting sparsity patterns are either matrices or sets, depending on the context.

The novel approach borrows the first and the second item of the previous list and replaces the third item by a different preconditioning scheme. The new idea is that AD does not only compute the required elements $\documentclass[12pt]{minimal}
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Like the previous approach in \[[@CR3]\], the new approach is based on computing only a proper subset of the nonzero elements of the Jacobian *J*, which is referred to as *partial Jacobian computation* \[[@CR5], [@CR7]--[@CR10]\]. We summarize partial Jacobian computation by considering Fig. [1](#Fig1){ref-type="fig"} taken from \[[@CR3]\]. Suppose that we are interested in computing the nonzeros of *J* on all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2 \times 2 $$\end{document}$ diagonal blocks, but are not interested in the remaining nonzeros. In this example, all nonzeros on the diagonal blocks of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r =2$$\end{document}$ are the required nonzeros, which are denoted by black disks in the sparsity pattern of the Jacobian depicted in this figure left. All remaining nonzeros of *J* are called *nonrequired* elements, represented by black circles.

The relative computational cost associated with the forward mode of AD computing the matrix-matrix product $\documentclass[12pt]{minimal}
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The exploitation of sparsity has a long tradition in AD; see the survey \[[@CR5]\]. The main idea behind sparsity exploitation is to form groups of columns of *J*. This grouping is denoted by colors in the middle of the Fig. [1](#Fig1){ref-type="fig"}. If *J* is an $\documentclass[12pt]{minimal}
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                \begin{document}$$N \times N$$\end{document}$ matrix, all (zero and nonzero) elements of *J* are computed by setting the seed matrix to the identity of order *N*. The relative computational cost of this approach is then the number of columns of the identity given by *N*. However, exploiting the grouping of columns it is possible to find a seed matrix with fewer than *N* columns. In the middle of Fig. [1](#Fig1){ref-type="fig"}, there are three colors representing three groups of columns. Each group of columns in *J* corresponds to a single column in the compressed Jacobian matrix depicted in the right. More precisely, a column of $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {cp}}(J)$$\end{document}$ with a certain color *c* is the linear combination of those columns of *J* that belong to the group of columns with the color *c*. Equivalently, there is a binary seed matrix *S* whose number of columns corresponds to the number of colors such that all required nonzero elements $\documentclass[12pt]{minimal}
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In the semi-matrix-free approach \[[@CR3]\], given the sparsity pattern of *J* and the set of required elements $\documentclass[12pt]{minimal}
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Problem 1 (Block Seed) {#FPar1}
----------------------
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The overall idea of the novel approach is to incorporate into the preconditioning not only the required elements of *J*, but also a certain subset of the nonzero elements of $\documentclass[12pt]{minimal}
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The only other work that is related to our approach is the preconditioning technique introduced in \[[@CR4]\], which is also based on partial matrix computation, but differs in formulating balancing problems.

The purpose of the following section is to reformulate the combinatorial problem from scientific computing given by Problem [1](#FPar1){ref-type="sec"} in terms of an equivalent graph coloring problem.

Modeling via Partial Graph Coloring {#Sec3}
===================================

Recall from the previous section that the exploitation of sparsity is a well-studied topic in derivative computations \[[@CR5]\]. Interpreting these scientific computing problems in the language of graph theory does not only give us a better insight to the abstract problem structure but also offers an intimate connection to the rich history of research in graph theory that can lead to efficient algorithms for the solution of the resulting problems. In this section, we consider the graph problem corresponding to the scientific computing problem that was introduced in the previous section.
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Definition 1 {#FPar2}
------------

**(Structurally** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{r}$$\end{document}$**-Orthogonal).** A column *J*( : , *i*) is structurally $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{r}$$\end{document}$-orthogonal to column *J*( : , *j*) if and only if there is no row position $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(\ell ,i)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(\ell ,j)$$\end{document}$ are nonzero elements and at least one of them belongs to the set of required element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{r}(J)$$\end{document}$.

Next, we define the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{r}$$\end{document}$-column intersection graph which will be used to reformulate Problem [1](#FPar1){ref-type="sec"} arising from scientific computing.

Definition 2 {#FPar3}
------------
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Using this graph model, Problem [1](#FPar1){ref-type="sec"} from scientific computing is transformed into the following equivalent graph theoretical problem.

Problem 2 (Minimum Block Coloring) {#FPar4}
----------------------------------
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The solution of this graph coloring problem corresponds to a seed matrix *S* which is then used to compute the compressed Jacobian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {cp}}(J) = J\cdot S$$\end{document}$ using AD. Recall from the previous section that the required elements of *J* are contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {cp}}(J)$$\end{document}$. However, we already pointed out that some additional useful information $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ is also contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {cp}}(J)$$\end{document}$. In the following section, we discuss how to recover these by-products $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {cp}}(J)$$\end{document}$ and how to use it for preconditioning.

Implementation Details {#Sec4}
======================
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                \begin{document}$$\mathbf {R} $$\end{document}$ are taken as an input to solve Problem [2](#FPar4){ref-type="sec"} using a partial graph coloring algorithm \[[@CR3]\]. The solution of this graph coloring problem corresponds to a seed matrix *S* that is used by the AD tool ADiMat \[[@CR2], [@CR14]\] to compute the compressed Jacobian $\documentclass[12pt]{minimal}
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To introduce the function partial_recover(), it is convenient to consider the standard approach of recovering the nonzeros of a Jacobian from its compressed version \[[@CR6]\]. The standard approach assumes that all nonzeros of a sparse Jacobian are to be determined, whereas in a partial Jacobian approach we are interested in a subset of the nonzeros. In the standard approach, the nonzeros are recovered using the following MATLAB-like pseudocode:
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For partial Jacobian computation where only a subset of nonzeros is determined, we need to extend the previous procedure to recover the Jacobian matrix using the seed matrix which is computed by the partial coloring. The following pseudocode introduces the new procedure partial_recover() which computes the Jacobian *J* from its compressed version $\documentclass[12pt]{minimal}
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The first steps up to the step 9 of this procedure are similar to the previous procedure recover(). The new procedure, however, needs to take into account the nonrequired elements. So, it looks for the columns of $\documentclass[12pt]{minimal}
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After recovering the Jacobian matrix *J* via the procedure partial_recover(), we need to make sure that only those elements will remain that are inside the diagonal blocks of size $\documentclass[12pt]{minimal}
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Numerical Experiments {#Sec5}
=====================

Here, we employ the semi-matrix-free approach for the solution of a system of linear equations of the form ([2](#Equ2){ref-type=""}). This system arises in the solution of an optimal boundary control problem for radiative transfer. Throughout the following experiments, the resulting coefficient matrix has the order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N = 1,944$$\end{document}$ and contains 49, 856 nonzero elements. Its nonzero pattern is depicted in the left of Fig. [2](#Fig2){ref-type="fig"}. In the middle of this figure, the pattern of the sparsification $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{r}(J)$$\end{document}$ is depicted for a block size of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r =100$$\end{document}$. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lceil N/r \rceil = 20$$\end{document}$ blocks are visible and are highlighted using a gray background. Notice that the last block is considerably smaller than the remaining blocks. To illustrate the preconditioning approach, the pattern of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {rc}}(J)$$\end{document}$ is also plotted for a block size of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The present experiments are carried out in MATLAB, R2019b. All derivative computations are computed by ADiMat. The right-hand side $\documentclass[12pt]{minimal}
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The linear system is solved using the Generalized Minimal RESidual method (GMRES) \[[@CR13]\] with restart parameter of 20. We always take $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = 10^{-13}$$\end{document}$ is chosen for both cases. All tests are carried out on an Intel Core i7-8550U CPU with a clock rate of 1.80 GHz and 16 GB RAM.Fig. 3.Convergence behavior of GMRES. (Color figure online)

In Fig. [3](#Fig3){ref-type="fig"}, the convergence behavior using GMRES is plotted versus the number of matrix-vector products. The convergence is monitored by the residual vector of the *n*th iteration defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$||{\mathbf{r}}_0||_2$$\end{document}$. We do not report the convergence versus the number of iterations for two reasons. Firstly, the number of matrix-vector products is known to be a better indication of the computing time than the number of iterations \[[@CR12]\]; secondly, the number of matrix-vector products directly corresponds to the number of colors and thus makes it easy to relate the convergence to the cost of computing $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {cp}}(J)$$\end{document}$ that is once needed to set up the preconditioner. This aspect is crucial in applications such as Newton-like methods for nonlinear systems where a sequence of linear systems with the same Jacobian sparsity pattern arises and the cost of solving a single coloring problem is amortized over solving multiple linear systems.

On the other hand, the number of matrix-vector products is only an approximation of the computing time, in particular for GMRES without restarts, where the number of operations carried out in an iteration linearly increases with the iteration number. In the first set of experiments, where the block size for the sparsification operator $\documentclass[12pt]{minimal}
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The unpreconditioned method exhibits the slowest convergence using the largest number of matrix-vector products needed to converge to the desired tolerance. This figure also contains six additional graphs by varying the block size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {B}$$\end{document}$ are discarded from the preconditioning process. This latter approach is similar to our previous work reported in \[[@CR3]\]. However, in \[[@CR3]\], we do not use two different block schemes with different block sizes.Fig. 4.Number of nonzeros varying the block size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}$$\end{document}$ both converge faster than the unpreconditioned method. This statement is true for GMRES as well as for other Krylov solvers that we tested but whose results are omitted due to the lack of space. It is also interesting that the convergence is improved by increasing the block sizes from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = 4$$\end{document}$ via $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = 20$$\end{document}$ up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = 100$$\end{document}$. Furthermore, keeping the block size $\documentclass[12pt]{minimal}
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                \begin{document}$$r = 20$$\end{document}$. For large block sizes, however, it is unlikely that there will be a large set of by-products $\documentclass[12pt]{minimal}
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To better understand the preconditioning approach, we now focus on the number of nonzero elements when increasing the block size $\documentclass[12pt]{minimal}
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                \begin{document}$$| \mathbf {B} |$$\end{document}$, using dark gray bars. The vertical axis (ordinate) is scaled to the number of nonzeros in *J* given by 49, 856. That is, the light gray bars denote the number of nonzero elements of *J* that are not taken into account when the preconditioner is constructed. For a block size of $\documentclass[12pt]{minimal}
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                \begin{document}$$r$$\end{document}$ significantly, there is also a corresponding increase in the number of required elements; see the block sizes at the right of this figure.
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Next, we consider the number of colors needed for the solution of the partial graph coloring problem that is formally specified by Problem [2](#FPar4){ref-type="sec"}. This number of colors is depicted in Fig. [5](#Fig5){ref-type="fig"}. Here, the block size $\documentclass[12pt]{minimal}
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                \begin{document}$$r$$\end{document}$ is varied in the same range as in Fig. [4](#Fig4){ref-type="fig"}. Since the number of colors is an estimate for the relative computational cost to compute the compressed Jacobian $\documentclass[12pt]{minimal}
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Concluding Remarks {#Sec6}
==================

While matrix-free iterative methods and (transposed) Jacobian-vector products computed by automatic differentiation match well to each other, today, there is still a gap between preconditioning and automatic differentiation. The reason is that, in a matrix-free approach, accesses to individual nonzero entries of the Jacobian coefficient matrix which are needed by standard preconditioning techniques are computationally expensive. This statement holds not only for automatic differentiation but also for numerical differentiation.

The major new contribution of this article is a semi-matrix-free preconditioning approach that uses two separate diagonal block schemes partitioning the coefficient matrix into smaller submatrices. In both schemes, the diagonal blocks do not overlap. The first scheme employs blocks that define the required nonzero elements of a partial Jacobian computation. This scheme is relevant for minimizing the relative computational cost of the partial Jacobian computation. The resulting minimization problem is equivalent to a partial graph coloring problem. The second scheme is based on blocks whose sizes are larger than those of the first scheme. The blocks of this second scheme define the positions from which by-products of the partial Jacobian computation are extracted. Together with the required nonzero elements these by-products are used to construct a preconditioner that applies ILU decompositions to each of these blocks. Numerical experiments using the automatic differentiation tool ADiMat are reported demonstrating the feasibility of the new preconditioning technique.

There is room for further investigations that aim at bridging the gap between preconditioning and automatic differentiation. For instance, it is interesting to study more advanced preconditioning techniques and analyze to what extent they are capable of exploiting the information available in the by-products of the partial Jacobian computation.
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